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COBORDISM GROUPS OF IMMERSIONS 
ROBERT WELLS? 
(Received 
§ I. 
THE general problem of describing the category of differential manifolds and maps is 
extremely complicated. Thorn has introduced the technique of cobordism to simplify this 
problem in v ,,nh t!,,a CIIV-O \uq,, th-t ‘. ’ - . <,r1.-, ‘1&v ‘---v simplify the problem of 
describing the structure of a topological space. The family of uumersions of differential 
manifolds in Euclidean spaces is still a very complicated part of the above category. In 
this paper we apply Thorn’s technique to obtain a rough description of that family. As 
often happens, the result is described in homotopy terms; just as the cobordism groups of 
embeddings turn out to be the homotopy groups of the Thorn spaces of the classifying vector 
bundles, the cobordism groups of immersions turn out to be the reduced stable homotopy 
groups of those spaces. This identification is made by relying heavily on Hirsch’s theorems 
describing immersions. 
Let R be the real numbers, e,, e,, e3, . . the standard basis vectors of R* and 
nj : R” + R the jth co-ordinate projection. Also, G,, is the r-planes through 0 in R”” 
and t,, the canonical r-plane bundle over G,.,. 
Leaving details aside for the moment, we will say roughly that the sum of two immer- 
sions f and g of closed k-manifolds M and N respectively isfu g if M n N = @ and un- 
defined otherwise, The two immersions will be said to be cobordant if there is a manifold 
X such that dX is the disjoint union of M and N, and if there is an immersion F: X+ 
s~;+l~+~[O, 11, transverse regular along rc;+ik+ ,({O} u {l}), such that F 1 M =fand F(x) = 
g(x) + en+k+l if x E N. The relation of cobordism turns out to be an equivalence relation 
and the immersions of closed k-manifolds in Rn+k form an abelian group .Mk(n) modulo 
cobordism. The bigraded group C,,NJq) has a natural structure of a bigraded ring, 
commutative with respect to the total degree p + q. Then, 
THEOREM 5. C,,.Af,,(q) 0 2, is a bigradedpolynomial algebra with generators fO, fi, fi, . . . 
such that fi E Af, +. 4i(2). 
Thus there is a real difference between cobordism of immersions and the usual cobordism, 
since in the latter case all elements have order 2-we make no orientation assumptions here. 
A further difference is in the appearance of odd torsion, 
t The author was an NSF Fellow during the preparation of this paper. 
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THEOREM 6. For p prime and odd and m 2 tc, where K = (p - 1)/2, N,(2m) has no 
p-torsion for i < 2m + 2p2 - 2p - 1 and does have p-torsion for i = 2m + 2p2 - 2p - 1. 
The case of odd codimension is more like the usual case, 
THEOREM 4. Nk(2n + 1) is 2-primary. 
For k 5 4, the groups Nk(n) are the following, with some domains of generating 
immersions indicated: 
codim= n= 1 2 3 4 5 16 
dim=k 
1 22 0 0 0 0 0 S' 
2 ZS z+z, -G 
P, S2,Pz 
ZZ Z, -G 
P2 
3 & z?, 0 0 0 s3 s3 zz 
4 0 z2. -5fZ2 z+z,+z, 4f-G z!z+zz 
p2 x pz 
where Sk is the k-sphere and Pk is k-dimensional projective space. 
A more general precise description is possible in a few cases, 
PROPOSITION 3. Nk(k) = Nk + Z if k is even, Nk(k) = Jk + 2, if k is odd, where ./irk 
is the usual (unoriented) k-th cobordism group. 
PROPOSITION 4. N4,(4s - 1) = JV,~ + 2, if s is not a power of 2, and N,,(4s - 1 =) 
Jf4J(P4J + 2, ifs is a power of 2, where (P4J is the usual cobordism class of P,,. A class of 
order 4 is represented by any immersion of P,k with codimension 2k - 1 if k > 1. 
For the case of odd codimension, the following proposition does something to explain 
the appearance of 2-primary torsion other than 24orsion, 
PROPOSITION 1. If f : Mk + Rk+” is an immersion with n odd and if the normal Stiefel- 
Whitney class 8,(M) # 0, then f is not weakly homotopic to c1 0 f where a : Rn’k --t Rn’k is 
afine and orientation reversing. 
“Weak homotopy” is an equivalence relation among immersions that is coarser than 
regular homotopy. In the computations of the above cases, it is usually an application of 
Proposition 1 that gives rise to 2-primary torsion other than 24orsion. 
The computations are made possible by two theorems. The first is a modification of 
Thorn’s theorem on cobordism. If 5” is a vector bundle of dimension n over a finite com- 
plex X, then we will define cobordism groups Nk(<), for k + 2 < dim 5, of “5-manifolds”, 
where a t-manifold will consist of a manifold Mk together with a bundle homotopy class 
of bundle maps r(M”) x E”-~ + 5”. Then, if T(g) is the Thorn space of bundle g --) X such 
that < @ p is trivial and dim g = m > k + 1, the first theorem is 
THEOREM 1. There is an isomorphism Nk($ 4 n,+,(T(~)). 
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The other theorem follows from Hirsch’s paper on immersions. Let G,, and t,, be as 
above. Then, 
THEOREM 2. There is a natural isomorphism J&z) +JV~(&+~ ,,). 
From Theorems 1 and 2 it follows that there is a natural isomorphism 
.Ar,(,) = %+z+k(T(g”,k+2 x ak+2-n)) = ~k+n(T(Sn,k+2)), 
where pi is the reduced stable homotopy group of Y. Since sP~+,(T(~,,~+~)) + 
JP~+,(T({,)) is an isomorphism, it follows that Theorem 3 is true, 
THEOREM 3. There is an isomorphism JV&) --) Xk+JT(&)). 
Some of the groups &‘,(T(&)) may then be computed by means of the Adams spectral 
sequence, and by means of secondary Stiefel-Whitney numbers, defined as follows. If 
Bi is the classifying space for i-dimensional vector bundles, then by taking mapping cylinders 
in the sequence ... --, Bi-t Bi+l ~ . . . . one may assume that . . . C B, C Bi+1 C . . . . Let 
r E H*(B,, B,, ; 2,). Then if f: Mk -+ Rntk represents an element of ker(N,(n) -+ Nk(m)), 
where the map M,(n) +Nk(m) is the natural map induced by Rktn c Rk’m, and 
F: X+ Rm+k+l is an immersion bounding f followed by Rk’n C Rk”“, one may define 
uniquely and naturally the class l?(F, f) E H*(X, M; 2,) by setting I(F,f) equal to vF*T 
where VP: (A’, M) -(B,,,, B,) is the classifying map for the normal bundles of the 
immersions F and f. Now, H*(B,,,, B,; Z,) C H*(B,; Z,), so T(F,f) may be regarded as a 
polynomial in the Stiefel-Whitney classes, and if dim r(F,f) = k + 1, the relative Stiefel- 
Whitney number T(F,f) . [X, M] is defined by evaluating on the fundamental class mod 2 
of the pair (X, M), The usefulness of these numbers arises from the following proposition. 
PROPOSITION 2. Zf f: Mk+Rk+” is in the same cobordism class as g : Nk -+ Rk’n, andf 
followed by Rktn E Rktm bounds the immersion F of X, and g followed by Rn’k C Rktm 
bounds the immersion G of Y, and the Stiefel-Whitney number T[Z] = 0 for every closed 
manifold Z immersible with codimension m, then 
UFJ) * CX, MI = UG, s> * Cr, Nl. 
Thus the secondary Stiefel-Whitney number r[f] = T(F, f) [X, M] is well defined, and 
r defines a homomorphism 
ker(xk(n) + M,(m)) + 2,. 
In this paper we will prove the above theorems and defer the other proofs to a later 
paper. 
It is a great pleasure to express my thanks to Professor J. Milnor for his patience and 
encouragement in directing this thesis, to Michael Spivak for useful conversations, and 
Jonathan Sondow for critical interrogations. 
$11. COBORDISM THEORIES 
1. Definition of immersion cobordism groups 
We begin with the definition of Jk(n), the cobordism group of immersions of k- 
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manifolds in Rk+“. First, let Yk(n) be the set of all immersions of closed k-manifolds in 
Rk+“. If fE yk(n) and q E y&z) and (domain f) u (domain q) = 0, let f + q be f U q. 
If (domainf) n (domain q) # 0, let f + q be undefined. Then + is an associative, com- 
mutative, not always defined pairing Y,(n) x .Yk(n) -P Yk(n). For the rest of this section, 
the projection rcn+k+r will be written n; in y&r) we introduce a relation - as follows. 
Dejnition. Let f and q be two members of Yk(n). Let domain f = A4 and domain q = 
N. Then f and q are said to be cobordant, or f w q, if and only if there is a (k + 1)-manifold X 
and an immersion F : X+ Rn+kf 1 such that 
(1) dX=MxOUNxl 
(2) F(X) C n-‘LO, 11 
(3) F(x) E n-‘(O) u rc-‘(1) if and only if x E dX. 
(4) For some Riemannian metric on X, F(exp(,,,,tu) = f (m) + te,, + k + 1 for 0 s t -c E 
and (m, 0) E M x 0, and F(exp(,,,,tu) = q(m) + (1- t)e,,+k+l for 0 5 t < E and (m, 1) E 
iV x 1, where E > 0 is sufficiently small, exp is defined by the Riemannian metric, and u is 
the inward normal field to dX. 
It is immediate that this relation is reflexive and symmetric. It is also transitive. The 
next step is to see that y&)/(-) is an abelian group in a natural way; this group will be 
N,(n). But it is immediate that iffi + q1 and fi + q2 are defined and fi - f2 and q1 N q2 then 
fi + q1 w f2 + q2 so yk(n)/( -) inherits an additive structure. It is also clear that representa- 
tives with disjoint domains may be found for any two classes of Yk(n)/(-), so that the 
addition + in &“k(n) is defined for any two elements. Associativity follows from these 
properties in Y&r). The empty immersion acts as a unit. It is easy to see furthermore that 
any immersion f followed by reflection across any hyperplane of Rnfk represents the negative 
of the cobordism class represented by f; in fact, f followed by an affine transformation c is a 
representative of sign (det 6). [f 1, where [f ] is the cobordism class off. 
The graded group &N&q) has a natural structure of a bigraded ring, defined as 
follows. First let ‘pij : R’ x Rj --, Rifi be defined by 
4ij(Xlf?, + . . . + Xif?i, Xi+lel + . . . + Xi+jf?j) = xrer + . . . + xi+jei+j. 
Then define the product of two immersions f and q into R” and Rb respectively by 
%bcf x d =-f-q. Since %+b,c 0 (%b x l> = %,btc o (1 x (Pbc), the product is associative. It is 
clearly distributive in y&.(n) and behaves with respect to cobordism, so that it defines an 
associative, distributive product in C,,N,(q) such that Nk(n) x xl(m) -+ ,Nk+r(m + n). 
The immersion fq is an immersion of M x N. Define the immersion f *g to be the 
immersion of N x M given by f *q(y, x) = qab(f (x), q(y)). 
Claim 1. If f is an immersion in Ra and q an immersion in Rb, then f *q is cobordant 
tofq. 
Claim 2. If f and q are as above, then f *q is cobordant to (- l>“bq*J It follows from 
these two claims that the product defined above is commutative with respect to the total 
degree; the proofs of both claims are trivial. 
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Finally, we will need also the fact that in any class of N,(n) there is a connected repre- 
sentative. A straightforward construction based on connected sums proves this fact. 
2. Definition of (-cobordism groups, Theorem 1 
Let g + B be an n-plane bundle. If m 6 n, an m-manifold M will be said to have a 
g-structure if there is a bundle map r(M) x a”-“’ + c. A r-structure for M will be a bundle 
homotopy classf of bundle maps z(M) x .snmrn + 5. A r-manifold will be a pair consisting 
of an m-manifold M together with a r-structuref. 
For n > m, define the bundle map ji : z(M) x d’-‘” + z(M) x tnmrn by ji(t, e,, .,., e,, 
e _ .*a, ” m ) = (t, e,, . . ., -ei, . .., e,_,) where t E z(M) and e, E a. Clearly, any two bundle 
maps ji and j, are bundle homotopic. Thus f o j, = f o j is well-defined. If n 2 m + 1, we 
say that the two closed l-manifolds (M,f) and (M,, fi) are t-cobordant, or (M, f) N 
(M,,f,) if and only if there is a r-manifold with boundary (X, h) such that 
(1) dX=MxOUM, x 1 
(2) k 0 Yu,x x 1 n-m- ’ = f’ where f’(x, 0) = f (x) 
(3) h 0 YM,,X x I”-m-1 = f; o j where f[(x, 1) =fi(x) and where yM,x is the bundle 
homotopy class of bundle maps obtained by choosing any Riemann metric on X, letting u 
be the inward normal field of M x 0 C Xand letting (t, s) + (t, SU) be a representative of
yu,x. yM,,x is similarly defined. A long but straightforward argument shows that this 
relation is reflexive and transitive. If II 2 m + 2, then the cobordism relation will also be 
symmetric, and so an equivalence relation. By defining (M, f) + (Ml, f,) to be (M u diS jM,, 
f + fi), one obtains a commutative and associative pairing of c-manifolds which respects 
the cobordism relation. Thus the pairing + will induce a pairing + on the equivalence 
classes, which, being associative, commutative, always defined and possessing inverses, 
turns the equivalence classes into a group, which will be denoted by N,(c). (The negative 
of the equivalence class of (M,f) is the equivalence class of (M, f oj).) 
Given < + B, where B is a finite complex, one can always find a k-plane bundle q --) B 
such that r @ q = B x E”. Let T(q) be the Thorn space of q. The cobordism group N,,,(q) 
may be computed by means of Thorn’s theorem suitably interpreted: 
THEOREM 1. J,(t) = n,,, + L@-(V)) P rovided that q has been chosen so that k = dim q 2 
m + 2. 
The proof of this theorem is nearly identical to the proof of Thorn’s cobordism theorems. 
The following is a sketch of the necessary adjustments. 
If c( + A is an a-plane bundle, let GL(c() + A be the associated bundle with fiber GL(a), 
obtained from the principal bundle of a by letting the left action GL(a) x GL(a) --* GL(a) 
of the group GL(a) on the fiber GL(a) be given by (g, gi) + ggrg-l. Thus, each cross-section 
c1 of GL(a) will define a bundle map c1--) a, covering the identity. Every bundle map cover- 
ing the identity will be defined by a unique cross-section of GL(cl). The bundle V,(a) will be 
the bundle of b-frames of a; the principal bundle of a is then V,(a); it is not GL(or). 
If c1 is a cross-section of GL(a), and /3 is another vector bundle over A, then c1 0 1 will 
be the cross-section of GL(a @ /I) corresponding to the bundle map o! 0 /I -+ a 0 p which is 
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defined by c1 on c( and the identity on b. If c1 is homotopic to cO via cross-sections then 
c1 0 1 is homotopic to ce 0 1 via cross-sections, o we may as well write c 0 1 for the cross- 
section homotopy class of cross-sections determined by the cross-section homotopy class 
of cross-sections c. 
LEMMA 1. If (A, B) is a pair of regular cell complexes and dim(A - B) -C dim c1= a, 
where CI is a vector bundle over A, then for any vector bundle p of dimension b over A, if c,, 
is a cross-section of GL(cl 0 fl) such that cO 1 B = d,, Q 1 for some d,, then cO is homotopic 
module B to a cross-section c1 = d1 Q 1 such that d1 1 B = d,,. 
COROLLARY 1. If dim A < dimu, then for any j?, every cross-section of GL(a Q 8) is 
homotopic to one of the form c1 Q 1 where c1 is a cross-section of GL(u). 
COROLLARY 2. Zf dim A < 1 + dim CC, then for any /3, the mapping c + c Q 1 establishes 
a 1-l correspondence between the homotopy classes of cross-sections of GL((r) and the 
homotopy classes of cross-sections of GL(a Q b). 
Let a and p be vector bundles over A, of dimensions a and b respectively, having trivial 
Whitney sum. Let y and 6 be vector bundles over G, of dimensions a and b respectively, 
also having trivial Whitney sum. Pick a framing e,, . . . . en+b of CL @ p, and a framing 
4, ss.5 I,,, of y 0 6. Then for any map g1 : A -+ G, we define a bundle map fr,, : c( Q j 
--t Y 0 6 covering a by setting fr,,(z, pIeI + . . . + Pa+bea+b(4) = (gl(4,p,~l(gl(z)) . . . 
p,,,Z,,+,(g,(z))) for any z E A and pi E R. If c1 is a cross-section of GL(a Q /3), let frslcl 
be the composition of fr,, and the map defined by cr. The bundle homotopy class of this 
map depends only on the homotopy class of g1 and the cross-section homotopy class of cl, 
so we may speak of fr,c where g is a homotopy class of maps and c is a cross-section class 
of cross-sections of GL(a Q fi). 
LEMMA 2. The mapping (g, c) + fr,c establishes a l-l correspondence between the bundle 
homotopy classes of bundle maps u Q p --* y Q 6 and the set of pairs (g, c) consisting of a homo- 
topy class g of maps A + G and a homotopy class of cross-sections. 
LEMMA 3. If A is a complex such that dim A + 2 5 dim /_I, then for each bundle homotopy 
class of bundle maps CC + y, there is a unique bundle homotopy class f’ of bundle maps p --+ 6 
covering the same homotopy class of maps A --f G and satisfying f Qf’ = fr,. 
Proof. Pick representatives fi E f and gr E g such that fi covers gr. For any z E A, 
pickabasisx,, . . . . x,ofa,andlety,, . . . ,y, E (M @ fi), be the points such thatfr,, (yi) = fi(Xi). 
Define the linear injection q,, : ct,+ (010 /I), by cplz(xi) = yi. Then cprz is well defined 
independently of the choice of the basis x1, . . . . x,, and the collection of (P~~‘s defines a 
homomorphicinjection ‘pl : LX -+ ct Q /I such that fr,, O q1 = fi. With respect o some Riemann 
metric on CI @ /I, let [ = ~~(a)‘. Now, dim c = dim [ and cpl(cz) @ 5 = CL @ p is trivial so 
there is a j such that c x &j = p x .sj. Since dim fi 2 dim A + 2, /? is equivalent o 5. 
Let +I : fi --f 5 be an equivalence. Then ‘pr Q 11/r : c1 Q j3 + CL Q p will be a bundle map 
covering the identity. Let y @ 6 5 6 be the natural projection. Then 
xi = P ofr8,(dl 0 $A 
is a bundle map /I + 6 covering gr. 
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Now we have at least one bundle homotopy class h of bundle maps /I -+ 6, covering 
the homotopy class of maps g : A -+ G. The bundle homotopy classfe h of bundle maps 
c1@ p + y 8 6 also covers g so, by Lemma 2, there is a unique homotopy class c of cross- 
sections of GL(a @ p) such that f@ h = fr,c. By Lemma 1, Corollary 2, there is a unique 
homotopy class of cross-sections K of GL(& such that c = 1 @ K. Let K-’ be the class of 
cross-sections defined by the class of bundle maps inverse to the class of bundle maps de- 
fined by K. Then we may define f’ to be h O K - ’ . As for uniqueness, uppose that both f 
and k satisfy f of’ = jir, =f@ k. Clearly there is a homotopy class s of cross-sections 
of GL(fl) such that f’ O s = k. Thus fr, = f @ k = (f 0s’) o (1 OS) = fr,(l OS). By 
Lemma 2, 1 @ s = 1. By Lemma 1, Corollary 2, this fact implies that s = 1, so f’ = k, 
f’ is well defined. 
COROLLARY. If dim A + 2 5 dim CI too, then the mapping f +f’ is a l-l correspon- 
dence between the bundle homotopy classes of maps c1 --t y and the bundle homotopy classes 
ofmapsp-*Li. 
Now it is possible to prove the theorem. For each closed t-manifold (y, f), we define 
a homotopy class of maps Sm’k -+ T(n) which depends only on the I;-cobordism class of 
(M, f). Since k 2 n 2 m + 2, an embedding r : M [ R”‘k always exists, and any two em- 
beddings are isotopic. Taking M as embedded, let M x E”-“’ be the trivial bundle over M 
obtained by restricting the normal bundle of R”+k in Rm+k x Rk-“’ to M. Let v(M) be the 
normal bundle of r(M) in Rm+k. Pick a framing I,, . .., I,,, in 5 @ g and let e,, . . . . entk 
be the standard framing of Rnik. For each r : M [ Rm’k, the standard framing will restrict 
to a framing of r(r(M)) 0 v(r(M)) x c”-“‘. The bundle homotopy class f determines the 
bundle homotopy class f o (r* x l”-m)-l : z(r(M)) x .Fm + 5. By the corollary to Lemma 
3, there is a unique bundle homotopyclassr of bundle maps v(r(M)) --f q covering the same 
homotopy class of maps r(M) + B as f o (r* x ln--m)-1 and satisfying f o (r* x ln-m)-l 
@I” =frgop - 1. 
Identifying v(r(M)) with a suitable tubular neighborhood of r(M) in Rmtk[ Sm+k 
and extending each f; ~fl in the usual way to a map Sm+k + T(q),f’ defines a homotopy 
class of maps Sm+k + T(q). Now, the argument follows the usual channel. 
3. Relation between immersion cobordism and l-cobordism, Theorem 2 and Theorem 3 
In the following, we will identify z(R’) with R” x R” by parallel translation. Also, let 
Gkn be the k-planes in n-space and let l,!$” --, G,, be the canonical k-plane bundle over G,. 
Let rc : Rn+k+l + R be the projection parallel to Rn+k. If M is a k-dimensional manifold 
and f. and fi will be said to be weakly homotopic if there is an immersion H : M x I-+ 
R “-F~+’ such that 
(1) H(m, t) =fo(m) + ten+k+l for 0 5 t < s, 
(2) H(m, t) =fI(m) + ten+k+l for 1 - s < t 5 1, 
where 0 < E < 3. 
LEMMA 4. The weak homotopy classes of immersions of M in Rn’k are in one to one 
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correspondence with the bundle homotopy classes of bundle maps z(M) x E -+ &+ l,n under the 
correspondence f +pkn 0 (f* x 1) where pkn : ck,, x E + cfk+ l,n is the standard map. 
Proof. Hirsch shows that the bundle homotopy classes of vector bundle monomorphisms 
r(M) -+ r(Rnfk),, are in I-1 correspondence with the regular homotopy classes of immersions 
M-, Rn+k. However, the vector bundle monomorphisms z(M) + T(R”+~), define bundle 
maps r(M) + tk. and vice versa, in such a way that bundle homotopy classes go into bundle 
homotopy classes. Thus, the regular homotopy classes of immersions M+ Rn+k are in l-l 
correspondence with the bundle homotopy classes of bundle maps r(M) + tkn. The same 
argument shows that the regular homotopy classes of immersions M x (0, 1) -+ R”+k+’ are 
in l-l correspondence with the bundle homotopy classes of bundle maps z(M x (0,l)) + 
5 k+ 1 ,“. However, these are just the same as the bundle homotopy classes of bundle maps 
r(M) x E-+‘tk+l,n* On the other hand, each immersion M x (0, 1) + R”+k+l determines an 
immersion M + Rn+k+l with normal field. Hirsch shows that this immersion with normal 
field is regularly homotopic in Rnfk+’ to an immersion f: M-t Rn+k with normal field 
m + (f(m), 0). Thus every bundle homotopy class of bundle maps z(M) x E + &+l,n 
contains a bundle map of the form pkn 0 (g* x 1) where g* : z(M) + rkn arises from an 
immersion. It follows that the mapping f +pkn 0 (f* x 1) sends the regular homotopy 
classes of immersions of M in Rn+k onto the bundle homotopy classes of bundle maps 
r(M) x & -+tk+i,n* 
Let f. and fi be weakly homotopic via H. Then we define a homotopy from 
pkn 0 (Jo* x 1) to pkn 0 (fi* x 1) as follows: If VE z(M), and r E R, then 
Thus, the map above may be factored through weak homotopy classes of immersions to 
obtain the result that the mapf+ Pkn 0 (f* x 1) sends the weak homotopy classes of immer- 
sions M+ Rnfk onto the bundle homotopy classes of bundle maps z(M) x E + <k+l,n. 
Now suppose that f-, and fi are immersions and that pk,, 0 (fo* x 1) is homo- 
topic to Pkn o cfi* x 1) via the homotopy H,. We may assume that H, is constant for 
t E [0,3) u (f, 11. This homotopy defines a bundle map z(M XI) 5 rk+l,n by 
H(V, r(d/dt)) = H,(V, r) for (I’, r(d/dt)) E z(M x Z)Cm,tj. This map in turn defines an 
equivariant map z(M x I)% 7(R”+k+1 ),,. Pick any continuous map J: M x I-+ x-‘[0, l] 
such that 
J(m, t) =fo(m) + to for 0 6 t < 3 
J(m,t)=fi(m)+to for g<tsl. 
Then, identifying 7(R”+k+‘) with R”+k+’ x z(R”+~+~ ). by parallel translation, the map 
(J, H) : V’, 4dld9) + (J(m, 0, WC r (d/d)), 
where (V, r(d/dt)) E 7(M x I)(,,,,, is an equivariant map 7(M x I) + z(R”+~+‘) which is 
induced by an M x I-immersion of M x [0, 3) and M x (3, I] on these two sets. Then by 
Hirsch’s Theorem 5.7, [3], there is an immersion M x I+ x-‘[0, l] extending the above two 
immersions. In other words, f0 and fi are weakly homotopic and the lemma is proved. 
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Before continuing, we need the following lemma. 
LEMMA 5. Let s--f c, be a C” path in S”-‘. Then there is a unique path s + pS in 
SO (m) such that 
(1) P&cl) = c, 
(2) Ps* : vYco -+ r(S m-l)c, is parallel translation along the given path from c0 to c,. 
LEMMA 6. Let CI + A and /I + B be C” vector bundles of the same dimension. Suppose 
that any two non-zero vectorfields in CI x E are homotopic via non-zeroJields. Iffo, fi : a + /I? 
are two bundle maps such that f. x 1 and fi x 1 are bundle homotopic, then f. and fi are 
already bundle homotopic. 
Proo$ The proof is a straightforward application of Lemma 5. 
Now we arrive at the lemmas we were seeking, Lemmas 7 and 8. 
LEMMA 7. The weak homotopy classes of immersions Mk --) Rk”’ are in l-l correspondence 
with the bundle homotopy classes of bundle maps z(M) x t2 + [k+2,n under the correspondence 
f”Pk+l,n o (Pk.” o (f* x l) x l). 
ProojI Since (Gij)’ C G,,j for I s i, every bundle homotopy class of bundle maps 
z(M) + E’ + 5k+Z,n contains an element of the form pk+l,n 0 (f x 1) where f: s(M) x E -+ 
5 k+l,n is a bundle map. Thus the mapping of the lemma is onto. 
To show that it is one to one, it will suffice to show that if f0 and fi are bundle maps 
t(M) x E + &+l,” and Pk+I,n 0 (fO x 1) iS bundle homotopic t0 pk+l,n o (fi x l), then f0 iS 
bundle homotopic to fi. Since (G,)’ C G,,j for 16 i, we may suppose immediately that 
so x 1 is bundle homotopic tofi x 1. The obstructions to finding homotopies between unit * 
fields in z(M) x c2 are zero so any two-unit fields in z(M) x 6’ are homotopic. Then, by 
Lemma 6, f0 is bundle homotopic to fi, which proves Lemma 7. 
Say dXk+’ = M x 0 u M’ x 1 and let F: z(X) x E + ‘&+2,” be a bundle map. We can 
find a bundle map K : T(X) + &+l,n such that pk+l,n 0 K is bundle homotopic to F. Now, 
K defines two bundle homotopy classes of bundle maps 
and 
K”-?M,X:z(M) XE4tk+l,n 
K 0 YM,,X : ~(W x E + 5k+l,“. 
Each of these two classes defines a weak homotopy class of immersions of M, respec- 
tively M’. Choose representatives f: M + R”‘k and g : M’ + Rnfk. Let Xhave a Riemann 
metric, let u be its inward normal unit field along Xand define the immersion G of a tubular 
neighborhood of dX in Rn’k+l by 
G(exp(,,,,tu) =f(m) + ten+,‘+1 for m E M and 0 5 t $ E 
G(exp(,,,,tu) = g(m) + (1 - t)e,,+k+l for m E M’ and 0 I t 5 E, 
where E > 0 is sufficiently small. 
Now, Pk+l,n 0 G, is homotopic to K restricted to the tubular neighborhood above, so 
we can find an extension H of pk+ 1 ,” D G, which is homotopic to K. Let J: X+ n-‘[O, l] C 
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R ‘+‘+’ be any continuous extension of G. Then the map (J, B 0 H) : t(X) + Rn+k+l x 
T(R”+~+’ )0 (where fi : &+I,* + Rn’k’t is the natural equivariant map), is an equivariant 
map given by an X-immersion on a neighborhood of dX. By Hirsch’s Theorem 5.7, there 
is then an immersion h of X, arbitrarily close to J and agreeing with J in a neighborhood of 
dX. By choosing J appropriately, we may insure that range (h) C n-‘[0, l] so f and g are 
cobordant immersions via h. Clearly any two weakly homotopic immersions are cobordant, 
so any immersion in the weak homotopy class of immersions determined by F 0 (Y~,~ x 1) 
is cobordant o any immersion in the weak homotopy class determined by F 0 (yMM’,x x 1) Oj. 
That these bundle homotopy classes of bundle maps determine weak homotopy classes of 
immersions follows from Lemma 7. Thus we have proved 
LEMMA 8. Vdomainf, Pk+2,n 0 (Pk+i,n(f* x 1) x 1)) d (domain 9, Pk+t,n 0 (Pk+i,n 0 
(g# x 1) x 1)) are cobdad tk+2,” -man$olds, then f and g are cobordant immersions. 
Now, the mapping f + (domain f, &+t,n 0 (Pk+r ,” o (f* x 1) x 1)) induces a homo- 
morphism Nk(n) + xk(tk + 2.n) by an argument similar to that proving Lemma 8. By 
Lemmas 4 and 7, this mapping is onto, and by Lemma 8, it is one to one. Thus we have 
THEOREM 2. The correspondence f + (domainf, Pk+ 2,n o (Pk+ I,.(f* x 1) x 1)) induces an 
isomorphism M,(n) + xk(&+ &. 
We have that ‘tk+2.n 0 tn,k+2 is trivial so that theorem 1 implies that Jk(&+2,n) is 
isomorphic to &,+k(T(&k+ 2 x s “-“)) for m > k + 1. However, this last group is just the 
reduced stable homotopy group %%“.+k(T(<0,k+2)). S ince(Gii)’ C G,,j for 15 i, we have by 
an application of the Whitehead theorem that *i(T(<n,k+2)) + J’?‘i(T(g”)) is an isomorphism 
for i S k. 
THEOREM 3. There is a natural isomorphism 
./lrk(n)+ xn+k(T(tn)). 
1. Ztorsion, Theorem 4 
$111. GENERAL PROPERTIES 
For any prime p # 2 and for p = 0, E. Thomas shows that H,(B,,; Z,) = Z&i,, . . . , /z”,~] 
with dim pi = 4i. It follows that for n odd, H,(B,, B,_,) is 2-primary. Thus Z,(B,, B,_,) 
= &‘*(T(&)) is 2-primary for n odd, and we have 
THEOREM 4. If n is odd then J,(n) is 2-primary. 
2. Free part, Theorem 5 
For any ring K, let Ke be the orientation sheaf of 5. with coefficients in K. Then the 
sheaf exact sequence 
O+B, x F+(F+F)+F,-+O 
where F is a field and (F + F) is the sheaf with fiber F + F on which x1(&) acts by inter- 
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changing terms, leads to the exact sequence 
. ..+H*(B.;F)+H*(B,;(F+F))+H*(B”;Fo)+... 
which becomes 
. . . + H*(B,; F) 2: H*(Bo,; F) -+ H*(B”; F,) . . . 
on introducing rc : Bo, -+ B,, the double cover of B,, and applying Leray’s theorem. If F 
does not have characteristic 2 and n = 2m, then the sequence becomes 
o-,FC~,, . . ..+6.,1+&4, . . . . f4lt- 17 Xotfi)I--f f *@“: F,) + 0 
where br --f pi for i < m and fi,,, --t X&Z)‘. Thus, additively, 
H*(&; F,) = x(n)F[fir, . . ..j%-11. 
where x(n) = image of x0(n). Under the Thorn isomorphism 40, we have qp(&z)A) = 
+&,,A? E H*(T(S,); F) where A is any element of F[#z,, . .., P,,,._~]. If n = 2m + 1, then 
ff*m2m+d; F> = 0. 
Using a filtration by skeletons, we obtain a spectral sequence for .?*(T(&)) that shows 
that the natural map 
XAT(5”)) + HAT(&)) 
is an isomorphism modulo finite group, so 
.@,(Wl)) 8 ZO -+ K(T(5,); ZCJ 
is an isomorphism. 
Using the naturality of the Thorn isomorphism, we obtain the equality 
t(f*c#J(x(n)A) * S’+r = w)*(x(n)-4 - [ ~~s;mon;3rMma1] 
for any bundle mapf: u(M) --f <,, x &r-n where t(f) : S’+’ --t T(5, x km”) is the map defined 
by f and b(f) is the base map ofJ Thus we may find a basis of immersions 
{f,, 1 A an elementary monomial in Z,[~Q, . . ., #zJ } 
for N+(n) @ Z,, where n is even, such that x-4’ * [f,,] # 0 and XJV - [f..,] # 0 for A! #N, 
and where 
fi * VI = df*(/d * If un d amental normal class of domain f] 
the map df: domain f+ B, being the classifying map of the normal bundle off. Now we 
can prove Theorem 5, 
THEOREM 5. Epq+VP(q)@ 2, isabigradedpolynomialring WithgeneratorsA E JV~ +4i(2) @ 
Z,, where i = 0, 1, 2, . . . . 
COROLLARY. X,X,(q) 0 2, is the tensor algebra of3fr,(2) 8 2,. 
Proof of theorem. Consider the natural map rZn x &,, 2 rznf2,,,. Let Zoo’ be the 
orientation sheaf of e,, --) B,, over 2, and Zoo” that of r2,,, + Bz, and Z,-,o that of e2n+2m. 
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We have the commutative diagram 
H*(B,,; Z,o’) @ H*(Bzm; Zoo”) --, H*(Bzn x B,,; Zoo’ @ Zoo”) 
1 
rp@B 
I 
‘p 
H*(w2”); Z,) 0 H*(T(5*,); Zcl) -+ H*(%“+,,); Z,) 
in which the vertical maps are given by Thorn isomorphisms and the lower horizontal map 
is an isomorphism. Thus the upper horizontal map is an isomorphism. 
From the behavior of the ma; 50~” x 502,,,% CO~~+~,,, of oriented classifying 
bundles, we see that the map 
H*(B 2n+2m; Zoo) s H*(B,, x B,,; $*(Z&) = H*(B2,; Zoo’) @ H*(B,,; Zoo”) 
is described by 
4+*X(2”+Zm,-- J@.*., pry . ..) = (X(2fl) x X(2rn))-Jz 
( c 
. . . . #ii* x hZjrrr . . . 
i+j=r 1 
where 1, P, is the Pontrjagin class of tZnf2,,, -+ B2n+2m and ‘& hi, is the Pontrjagin class of 
r 2n --) B2,, and Cj ~j,’ is the Pontrjagin class of t2,,, + B2,. 
From now on we follow with little change the proof in Milnor’s notes on characteristic 
classes that the oriented cobordism ring is a polynomial ring. Let w = (a,, . . . . a,) be a 
partition of A and let s,(e) be the polynomial in the symmetric functions ul, . . ,, o, of the 
indeterminates t,, . . ., t,, defined by s,(c) = E(tf’ . . . t,“r), where the sum is taken over all 
the proper permutations oft,, . . . . tA. Set ~,(a) = 1. For c = 1 + c1 + . . . where deg Ci = 4i, 
define s,(c) to be s,(a) with ei replaced by the term of degree 4i in c. Let a = 1 + a, + . . . 
andb=l+b,$... where deg a, = deg b, = 4i. Then Thorn has shown that 
s,(u . b) = c s,.(a) . s,.(b). 
o’wf, = 0 
Consequently, 
+*x(2”+ 2mpdP) = C xWh&‘) x xCWs,4p”), 
o’w” = (0 
so that, if f: M4k+2n + R4k’4n and g : N41+2m + R4”4m are immersions, then 
(*) ~(20 + 2m)sJ * 91 = C x(2n)s,,CfIx(2m)s,,,Cgl, o.o~‘=w 
where we abbreviate b(f)*X(2n)s, (Pontrjagin class). [fundamental normal class of M] by 
x(2~)3,[fl, etc. 
Let I(o) be the length of the partition o. Then for n 5 I(o), define s,,, to be us, 
(Pontrj. class). Recall that H*(T(E,i); 2,) is dual to H,(T(52i); Z,), which is naturally 
isomorphic to ~*(T(r,i)) @ 2,. It follows that we may pick immersions fo, fi, . . . such that 
sl,eVb] # 0, sl,l[fil # 0, s1,21fz] # 0, . . . . S,,jV;.] # 0, . . . . If 0 = (a,, . . . . a,) is a partition 
of k then for n 2 Z(o) define f,, to be the immersion f ;-‘@) f,, . . . f,. Then 
%l,CfnJ = (Ir ,,,. z_ (%3fO)n-‘(Whid3, **a %.L 
by (*). Thus, unless p refines o, we have s,,,[f,,] = 0. If we number the partitions of k in 
COBORDISM GROUPS OF IMMERSIONS 293 
such a way that if wi refines oj then i <j, then the matrix I]s,,~[&,JI] is triangular with 
non-zero diagonal elements, so it is non-singular. It follows immediately that the cobordism 
classes of the immersions fno, are linearly independent in %4k+2n(2n) @Z,. 
The number of such classes is number {o 1 JwI = k, I(w) S n}. But this number is just 
number {o I Iwl = k, max(w) s n>. Finally, number {w I Iwl = k, max(w) 5 n) is the rank of 
H4k(Bz,; Z,) x X’4k+2n(2n) 0 Z,, so thef,,span%,,+,,(2n) 0 Z, and thetheoremisproved. 
3. p-torsion, Theorem 6 
We can use the facts outlined so far and the Adams spectral sequence to find the smallest 
i for which Ni(2m) contains p-torsion. Let p be an odd prime and let K = (p - 1)/2. 
THEOREM 6. If m 2 K, then pi has no p-torsion for i < 2m + 2p2 - 2p - 1, but it 
does have p-torsion if i = 2m + 2p2 - 2p - 1. If the partition w with [wl < KP contains no 
entry equal to K, then there is an immersion f (w) with dimension 2m + 4101 and codimension 
2m such that x(2m)s,lf(w)J is not divisible by p. If w does contain an entry equal to K, then 
x(2m)s,[f] is divisible by p for every immersion J 
ProoJ Let s, denote the same polynomial in the Pontrjagin classes as above. Let 
n > 8mZ + 2m. For each partition w, let K(w), K(w, l), and K(w, 2) be Eilenberg-Maclane 
spaces of types K(Z, n + 4m + 4101), K(Z, n + 4m + 4101 + 5), and K(Z, n + 4m + 4101 + 
10) with fundamental classes g(w), h(w), and l(w) respectively. Recall that X-r K(Z,, r) 
may be factored through K(Z, r) + K(Z,, r) if H’+ ‘(X; Z) = 0. Then consideration of the 
Adams spectral sequence constructed with a minimal resolution supplies us with three maps, 
s"mzrtJ~ ll{K(w)lw isic-free,]w] c prc} =K, 
I 
G 
ll(K(w, l)]wis~-free,]w] < plc) =K, 
1 
L 
lT{K(w, 2)Iw is K-free, ]w( < PK) = K,, 
such that F*g(w) = S”p,s,, G*h(w) = /3#g( w ) , and L*/(w) = P&h(w), where pm is the m-th 
Pontrjagin class and fil is the first Steenrod p-th power, and /I is the Bockstein operator, 
E(C2) 
I/' 
/' 
/' 
/ I 
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For any space X, let E(X) + X be the fiberspace of paths of X. Let C, + KZ be the 
bundle induced from E(KJ + K3 by L. It is easy to check that pi = nj(Kz) + 7Ci+l(K3) 
and that G lifts to G1 : Kl + Cz. Let C1 + K1 be the bundle induced from E(C,) --t C2 by 
G1. It is easy to check that EJC,) = n,(K,) + ni+l(Kz) + nif2(K3) and that F lifts to 
Fl : S”T(~z,,,) + Cl. Then one may check that ZJ1 induces an isomorphismin Z,-cohomology 
up to dimension 4m + n + 4 + p - 1 and so an isomorphism in homotopy modulo non-p- 
torsion up to dimension 4m + II + 4 +p - 2. Also, the differentials in the Adams spectral 
sequence are zero up to dimension 4m + n + 4 +p - 2, so the duals of the g(o)‘s above 
survive to the Em term and there determine duals of the S”pmso’s. It remains only to show 
that ~4m+2p2-2p-i(T(&,,)) does have p-torsion. This will follow from the fact that if 
u E H’(X; ZP) is spherical and D&u = 0 then s+‘~+~~_JX) has p-torsion. It suffices to 
exhibit U; let o, be the partition of 2~’ consisting of s entries 2~ and Z(K - s) entries K. 
Then ZJ = (2s,, - s,, + s,, - s,, + . . . + (- l)K~,,)p, will do. 
1. 
2. 
3. 
4. 
5. 
6. 
I. 
8. 
9. 
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